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  الدوال اللوغاريتميةفي درس   5مذكرة رقم
 ا�ھ�اف ا���رات ا�����ة �� ا��رس :

  
  

 
 
 
 
 
 
 
  
  
  
 

I. :!"�#$  


 ا��#�لدا�� �!� � و ھ�  lnا�����ر��� ا�����ي ���� ��� ب ���
 دا��  دا�� ����  ��$] [و �����:      ∞+,0] [( ) ( ) 1
0, : nx l x

x
′∀ ∈ +∞ =  

�  �)أي 1دا�� ا�����ر��� ا�����ي ��!�م   )n 1 0l =. 

II. :%"�&' ت��(�)  

     ( )( )0 0a b∀ ∀≻ ≻ ( ) ( ) ( )n n nl ab l a l b= +
   ( )1

n nl l b
b
 =− 
 

   ( ) ( )n n n
a

l l a l b
b
 = − 
   

( ) ( )1
n n

2
l a l a=

           

( ) ( ) ( )n nnn l a nl a∀ ∈ =ℤ  

)إذا $��+ أن �	�ل :      )n 2 0,7l )و ⋍ )n 3 1,1l ≃ :��� �� .�/� ( )n 6l
    ( )n 4l      ( )n 8l    ( )n 72l    1

n
2

l  
 
 

  

3
n

2
l

 
 
 

   ( )n 2l    ( )n 6l   ( )n 3 2l
 

  

)ا�,+ ) ( ) ( ) ( )n 6 n 2 3 n 2 n 3 0,7 1,1 1,8l l l l= × = + +≃ ≃ 

( ) ( ) ( ) ( )2n 4 n 2 2 n 2 2 n 2 2 0,7 1, 4l l l l= × = = ×≃ ≃ 
( ) ( ) ( ) ( )3n 8 n 2 2 2 n 2 3 n 2 3 0,7 2,1l l l l= × × = = ×≃ ≃ 

( ) ( )2 3ln 3 ln 2= +( ) ( ) ( ) ( )ln 72 ln 9 8 ln 9 ln 8= × = +
            ( ) ( )1 1

n 2 n 2 0,7 0,35
2 2

l l= ×≃ ≃ 

( ) ( ) ( ) ( ) ( ) ( )2 3 2 3n 72 n 3 2 n 3 n 2 2 n 3 3 n 2l l l l l l= × = + = + 

( )n 72 2 1,1 3 0,7 2,2 2,1 4,3l × + × +≃ ≃ )و      ⋍ ) ( )3
n n 3 n 2 1,1 0,7 0, 4

2
l l l

  = − − 
 

≃ ≃       ( )1
n n 2 0,7

2
l l  = − − 

 
≃  

( ) ( )1 1
n 6 n 6 1,8 0,9

2 2
l l= ×≃ ≃

      
( ) ( ) ( ) ( )1 0,7

ln 3 2 ln 3 ln 2 1,1 ln 2 1,1 1,1 0,35 1,45
2 2

= + + + +≃ ≃ ≃ ≃

    
)إذا $��+ أن)��$1:1"� )ln 2 )و ⋍0,7 )ln 5 1,6≃ :��� �� .�/� ( )n 10l

   ( )n 25l      ( )n 16l   ( )n 125l   1
n

5
l  
 
 

   

 2
n

5
l  
 
 

     ( )n 5l     ( )n 2 5l
   

)�234 أن : )2 )1
2 ln 4 ln ln 8 0

2
 + − = 
 

 

))1:ا�,+ ) ( ) ( ) ( )n 10 n 2 5 n 2 n 5l l l l= × = + 

0,7 1,6 2,3+≃ ≃ 
( ) ( ) ( ) ( )2n 25 n 5 5 n 5 2 n 5 2 1, 6 3, 2l l l l= × = ×≃ ≃ ≃ 

( ) ( ) ( ) ( )4n 16 n 2 2 2 2 n 2 4 n 2 4 0, 7 2,8l l l l= × × × = = ×≃ ≃ 

( ) ( ) ( ) ( )3n 125 n 5 5 5 n 5 3 n 5 4 1,6 6,4l l l l= × × = = ×≃ ≃    

( )1
n n 5 1,6

5
l l  = − − 
 

≃          ( ) ( )2
n n 2 n 5 0,7 1,6 0,9

5
l l l  = − − − 
 

≃ ≃ 
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( )1
0,7 1,6

2
= + ( ) ( )1 1

ln 5 ln 5 1,6 0,8
2 2

= ×≃ ≃

           0,7 0,8 1,5= + =( ) ( )1
ln 2 ln 5

2
= +( ) ( ) ( )ln 2 5 ln 2 ln 5= +

    
2(( )1

2 ln 4 ln ln 8 0 ? ? ? ?
2

 + − = 
 

 

( ) ( ) ( )2 31
2 n 4 n n 8 2 ln 2 n 2 n 2

2
l l l l l + − = − − 

 
  

( ) ( ) ( ) ( )2 2 ln 2 n 2 3 n 2 4 ln 2 n 2 3 n 2 0l l l l= × − − = − − = 

�"��$2:   5�6  
1. ( ) ( ) ( )ln 3 ln 5 ln 15A = − +    

2. ( ) ( ) ( )6ln 0,01 ln 1000 ln 10B = − + 

) )1ا�#�اب:  ) ( ) ( ) ( ) ( ) ( )ln 3 ln 5 ln 15 ln 3 ln 5 ln 3 5A= − + = − + ×  

( ) ( ) ( ) ( ) ( )2ln 3 ln 5 ln3 ln5 2ln 3 ln 3 ln 9A= − + + = = = 

  ( ) ( ) ( ) ( ) ( ) ( )2 3 6ln 10 ln 10 ln 10 2ln 10 3ln 10 6ln 10B −= − + =− − +  

( ) ( )ln 10 ln 2 5 ln 2 ln 5B = = × = +  

)إذا $��+ أن:3 $��"� )n 2 0,7l )و ⋍ )n 11 2, 4l ≃ :��� �� .�/�   

( )n 22l
   ( )n 121l      ( )n 32l   ( )n 44l   11

n
2

l  
 
 

   

)ا�,+ ) ( ) ( ) ( )n 22 n 2 11 n 2 n 11 0,7 2,4 3,1l l l l= × = + +≃ ≃ 

( ) ( ) ( ) ( )2n 121 n 11 11 n 11 2 n 11 2 2,4 4,8l l l l= × = = ×≃ ≃ 
( ) ( ) ( ) ( )5n 32 n 2 2 2 2 2 n 2 5 n 2 5 0,7 3,5l l l l= × × × × = = ×≃ ≃ 

( ) ( )2 3ln 3 ln 2= +  

( ) ( ) ( ) ( ) ( ) ( )ln 44 ln 4 11 ln 4 ln 11 2ln 2 ln 11= × = + = +  

( )ln 44 2 0,7 2,4 1,4 2,4 3,8× + +≃ ≃ ≃ 

( ) ( )11
n n 1 1 n 2 2, 4 0 , 7 1, 7

2
l l l  = − − 

 
≃ ≃

  

III.  :ت�" �3� �  ا
  �8�3 ا������ت ا������:

) :1ا��4)�%  )lim ln
x

x
→+∞

= ) :2ا��4)�%   ∞+ )
0

lim ln
x

x
+→

= −∞
  

) )1أ/�. ا������ت ا������ :  �	�ل : )lim 2ln 1
x

x
→+∞

+   2    (( )2ln 1
lim

lnx

x

x→+∞

+
     3(      0

1
lim

lnx x+→  
) )1ا�#�اب: ) ( )lim 2 ln 1 2 1

x
x

→+∞
+ = × +∞ + = +∞

 

 
( )2ln 1

lim
lnx

x

x→+∞

+ +∞=
+∞

>ن :;:8 ��� ��4د  
 

( )lim ln
x

x
→+∞

= +∞  

2(
1

ln 2
2ln 1 1ln

lim lim lim 2 2 0 2
ln ln lnx x x

x
x x
x x x→+∞ →+∞ →+∞

 + +  = = + = + =
  

3(
 0

1 1
lim 0

lnx x+

−

→
= =

−∞
>ن : 

 
( )

0
lim ln
x

x
+→

= −∞
  

IV. %ا��� ا )'�ول $��6ات  )lnx x→:  

:�����] [( ) ( ) 1
0, : nx l x

x
′∀ ∈ +∞ =  

60x�� أن [ �ن < [( ) ( ) 1
0, : n 0x l x

x
′∀ ∈ +∞ = >  


��ا����  nlو �����6� ا��ا�� �$ �!=>] [0,+∞  

   و ��? ا�#�ول:

  
( )( )0 0a b∀ > ∀ >( ) ( )ln lna b a b= ⇔ )و     = )( )0 0a b∀ ∀≻ ≻( ) ( )ln lna b a b> ⇔   ��ا���� <=!�. nl>ن ا��ا��   <
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#�د ا �:e:     2,71828e ⋅ ⋅⋅ )ھ� ا�!�د ا�3�34� ا�@ي �e234و   ⋍⋅ )ln 1e =.  

):و����� ) ( ) ( )n nnn l e nl e n∀ ∈ = =ℤ  

: ��A1أ�( ( )77 ln e= و
 ( )3ln 3e =  

)/8 ا��!�د�� )2 )ln 7x = ��!� 7x e=  

   أ/�. و6�5 ::��$4"� 

( ) ( )2 4 1
ln ln lnA e e

e
 = + −  
 

  ( ) ( ) ( )91
2ln ln ln

3
B e e e e= + −  

) )1ا�#�اب: ) ( ) ( ) ( ) ( )2 4 1
ln ln ln 2ln 4ln lnA e e e e e

e
 = + − = + −− 
   

2 1 4 1 1 7A = × + × − − =
  ( ) ( ) ( ) ( ) ( ) ( )91 1 1

2ln ln ln 2 ln ln ln 9ln
3 2 3

B e e e e e e e e= + − = × + + −
  

1 1
1

2 2
= − = −( ) ( ) ( )1 1

1ln ln ln 3ln 1 1 3
2 2

B e e e e= + + − = + + −
   

V. %ا� �� ا  9�,��ln /����  ���#�  / :#�  �;  

-8 -6 -4 -2 2 4 6 8

-8

-6

-4

-2

2

4

6

8

x

y

  
  $A&�@ (�)��ت ا�:?<�ر"/ ا���&�ي: ا��#�د>ت:

�  �	�ل :  8/ℝ:ت ا������B!�د�ا�  
1 (( )ln 0x =    2 (( )ln 1x =     3  (( )ln 7x =  4 (( ) ( )ln 1 ln 3x + =    5 (( ) ( )( )ln ln 1 0x x − =    6     (( )( )ln 1 ln 1 0x x+ − =       

)ا�:���6 ا�,+: )ln x ن�C إذا 
�!� ���0x >. 

�0x#. أن �:�ن  )1 ≻�)ا��!�د��   )ln 0x =  

�[و ��? �#��$� �!��E ھ@ه ا��!�د�� ھ [0, +∞  

)ا��!�د�� )ln 0x = F �:�( ) ( )ln ln 1x 1xو ��?  = [و 6�� أن = [1 0,∈ +∞  

}ھ�:  �ن �#��$� /��ل ا��!�د�� }1S =  

)�#��$� �!��E ا��!�د�� )2 )ln 1x = �[ھ [0, +∞  

F �:� �)و ھ ) ( )ln lnx e= أيx e=   أن ��و 6] [0,e ∈ } �ن ∞+ }S e=  

3(  E��!� �$��#!�د����ا�( )ln 7x = �[ھ [0, +∞  

F �:� �)و ھ ) ( )7ln lnx e= 7أيx e=  أن ��و 6] [7 0,e ∈ } �ن ∞+ }7S e=.  

�1#. أن �:�ن  )4 0x + 1xأي  < > −  
)و ��? �#��$� �!��E ا��!�د�� ) ( )ln 1 ln 3x + = �[ھ [1,− +∞  

 F �:� !�د���1ا� 3x + 2xأي = [و 6�� أن  = [2 1,∈ − } �ن ∞+ }2S =  

5   (�[�#��$� �!��E ا��!�د�� ھ [0, +∞  

  ( ) ( ) ( )( )ln 1 0 ln ln 1 0x x x− = ⇔ − )أو  = )ln 0x =      

 ��!�( )ln 1x )أو  = )ln 0x =     ��!�( ) ( )n nl x l e=  أو( ) ( )n n 1l x l=  ��!�x e=  1أوx }و��?  �ن  = }1,S e=  

6�[)   �#��$� �!��E ا��!�د�� ھ [0, +∞  

( )( )ln 1 0 ln 1 ln 1 0x x x− = ⇔ + − lnأو  = 1 0x + =     ��!�( )ln 1x lnأو  = 1x = −    ��!�( ) ( )n nl x l e= أو( ) ( )n nl x l e=−    

 ��!�x e=  أو( ) 1
n nl x l

e
 =  
 

   ��!�x e=  1أو
x

e
1و��?  �ن    =

,S e
e
 =  
 

  

  $A&�@ (�)��ت ا�:?<�ر"/ ا���&�ي: 

:9 ا�:?<�ر"/ ا���&�ي: �3  درا�% دا�% $,?ي )�6

)ا��!� � ب : Gf!��� ا��ا��: �1	�ل ) ln 1f x x= +
  

  f/�د �#��$� �!��E ا��ا�� .1
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)أ/�. .2 )1f و( )f e و( )2f e 1و
f

e
 
 
 

       

)أ/�. .3 )f x′ 8:�x H�] [0, +∞ 
 

��3�K ا�و ادرس ا;�رة 
 

)أ/�. .4 )
0

lim
x

f x
+→    

( )lim
x

f x
→+∞        

 

 .fأ$5 ��ول ���Nات ا��ا�� .5
  ا�,+:

[ھ�  #�f��E��!� �$ ا��ا�� .1 [0, +∞  

2. ( ) ( )1 ln 1 1 1f = + =  

( ) ( )ln 1 1 1 2f e e= + = + =  

( )2 2ln 1 2ln 1 2 1 1 3f e e e= + = + = × + =  
1 1

ln 1 ln 1 1 1 0f e
e e

   = + = − + = − + =   
   

  

)/��ب .3 )f x′ :  

  1
0

x
= >( )( ) ( )ln 1x ′ ′= +  ( ) ( )( )ln 1f x x ′′ = +  

  ���. <=!�. x>ن
)/��ب  .4 )

0
lim
x

f x
+→

:  

�����( )
0

lim ln
x

x
+→

= )اذن ∞− )
0

lim
x

f x
+→

= −∞.  

)/��ب  )lim
x

f x
→+∞

�����:( )lim ln
x

x
→+∞

= )اذن ∞+ )lim
x

f x
→+∞

= +∞.  

�: ��f? ��ول ���Nاتو .5�� ��C ھ�  

  
)ا��!� � ب : Gf!��� ا��ا��: �2	�ل ) 2 lnf x x x= −

  
1.  E��!� �$��#� ا��ا��/�دf  
)أ/�. .2 )1f و( )f e و( )2f e  

)أ/�. .3 )f x′ 8:�x H�] [0, +∞
 

 

4. 
ادرس ا;�رة ��3�K ا��ا�� 

 

)أ/�. .5 )
0

lim
x

f x
+→    

 

  ا�,+:
[ھ�  #�f��E��!� �$ ا��ا�� .1 [0, +∞  

2. ( ) ( )1 2ln 1 1 0 1 1f = − = − = −  

( ) ( )2 ln 2f e e e e= − = −  

( )2 2 2 2 2 22ln 4ln 4 1 4f e e e e e e e= − = − = × − = −  

)/��ب .3 )f x′ :  

    
( ) 2 2

1
x

f x
x x

−′ = − =
  

)ا;�رة  .4 )f x′ا;�رة �)ھ )2 x− ن<x .�!=> .���  

5. �����( )
0

lim ln
x

x
+→

= و ∞−
0

lim 0
x

x
+→

)اذن = )
0

lim
x

f x
+→

= −∞.  

)ا��!� � ب : Gf!��� ا��ا��:��$5"� ) lnf x x x= +  
  f/�د �#��$� �!��E ا��ا�� .1
)أ/�. .2 )1f و( )f e و( )2f e  

)أ/�. .3 )f x′ 8:�x H�] [0, +∞ 
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)أ/�. .4 )
0

lim
x

f x
+→ 

)و )lim
x

f x
→+∞

 

[ھ�  #�(f��E��!� �$ ا��ا��1أ���6 : [0, +∞  

2(( ) ( )1 ln 1 1 0 1 1f = + = + )و= ) ( )ln 1f e e e e= + = +  

( )2 2 2 2 2 2ln 2ln 2 1 2f e e e e e e e= + = + = × + = +  

))/��ب3 )f x′ :  

    ( ) 1 1
1

x
f x

x x

+′ = + =  

   4(( )
0 0

lim limln
x x

f x x x
+ +→ →

= + )و ∞−= )
0

lim limln
x x

f x x x
+→+∞ →

= + =+∞  

VI.:ي�B#� ا  / �:?<�ر"   ا

 ����log ��ا�� ا�����ر��� ا�!�Kي ب:$#�"!:�$ � �!� �[و ھ [0, +∞  

:��� ��C] [( ) ( ) ( )
( )

ln
0, : log

ln 10

x
x x∀ ∈ +∞  

)و�234  )log 10 1=  

��� أن  �	�ل:$( )log 2 )أ/�.   ⋍0,3 )log 20   
( ) ( )log 2 log 10= +( ) ( )log 20 log 2 10= ×  

        1,3≃0,3 1+≃  
  (�)��ت ھ��% ��ا�% ا�:?<�ر"/ ا�#�Bي:

1. ( )log 1 )و  =0 )log 10 1=  

2. ( )( ) ( ) ( ) ( )0 0 :log log loga b a b a b∀ ∀ × = +≻ ≻  

3. ( ) ( )1
0 : log loga b

b
 ∀ = − 
 

≻
  

4. ( )( ) ( ) ( )0 0 : log log log
a

a b a b
b
 ∀ ∀ = − 
 

≻ ≻
  

5. ( ) ( ) ( ) ( )0 : log logna n a n a∀ ∀ ∈ =≻ ℤ  

6. ( ) ( ): log 10nn n∀ ∈ =ℤ  

7. ( )( ) ( ) ( )0 0 : log loga b a b a b∀ ∀ = ⇔ =≻ ≻  

8. ( ) ( ) ( ) ( )0 0 : log loga b a b a b∀ ∀ ⇔≻ ≻ ≻ ≻  

  6�5 وأ/�. : :��$6"�
( ) ( ) ( )6log 0,01 log 1000 log 10A = − +  

( ) ( ) ( )4log 10 2log 100 log 10B = + +  

( ) ( )log 4 log 25C = +  

( )1 2log 2 log 40D = + −  

( ) 1
log 900 2log 2

3
E

 = + − 
 

  

) ا�#�اب: ) ( ) ( )2 3 6log 10 log 10 log 10A −= − +  

( ) ( ) ( )2 log 10 3log 10 6 log 10A = − − +  

2 3 6 1A = − − + =  
( ) ( ) ( )4log 10 2 log 100 log 10B = + +  

( ) ( ) ( )2 41 2log 10 log 10 1 2 2 4log 10 1 4 4B= + + = + × + = + 9Bو��?  + =  

( ) ( ) ( ) ( )log 4 log 25 log 4 25 log 100C = + = × =  

( ) ( )2log 10 2 log 10 2 1 2C = = = × =  

( ) ( )( )21 2log 2 log 40 1 log 2 log 4 10D = + − = + − ×  

( )21 og 2 og 4 og10 1 og 4 og 4 og10D l l l l l l= + − + = + − − 
1 og4 og 4 1 0D l l= + − − =  

( ) ( ) ( )1
log 900 2 log 2 log 9 100 2 log 3 2

3
E

 = + − = × − − 
 

  

( )log 9 log 100 2 log 3 2E = + − −  

( ) ( )2 2log 3 log 10 2 log 3 2 2 log 3 2 log 10 2 log 3 2E = + − − = + − 2  ��? و      − log 10 2 2 1 2 0E = − = × − = 
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��� أن :��$7"�$( )log 3 )و⋍0,47 )log 5 0,7≃    

)أ/�.   )log )و 15 )log 1و 5
log

3
 
 
 

)و  )log )و 50 )log 300  

)أ���6 :  ) ( ) ( ) ( )log 15 log 5 3 log 5 log 3 0,7 0, 47 1,17= × = + +≃ ≃  

( ) ( )1 1
log 5 log 5 0,7 0,35

2 2
= ×≃ ≃  

( )1
log log 3 0, 47

3
  = − − 
 

≃
  

( ) ( ) ( ) ( )log 50 log 5 10 log 5 log 10 0,7 1 1,7= × = + +≃ ≃  

( ) ( ) ( ) ( )log 300 log 3 100 log 3 log 100 0, 47 2 2, 47= × = + +≃ ≃  
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